The dynamics of the strong coupling BCS model, considered as an open system interacting with a thermal bath, is solved rigorously and explicitly in the weak coupling limit and in the infinite-volume limit. The BCS system goes from the normal phase to the ordered phase by bifurcation. Fluctuations around trajectories of intensive observables are Gaussian and Markovian. Thermodynamic phases are global attractors in the physical domain. Structural stability is discussed. The model provides an example of a nonequilibrium statistical mechanical system with phase transition whose irreversible macroscopic dynamics can be calculated exactly from the underlying Hamiltonian quantum mechanics.
INTRODUCTION
Some progress has been made in recent years in establishing a precise link between microscopic dynamical laws and the thermodynamics of irreversible processes. In appropriate limiting situations, master and transport equations can be obtained in a mathematically controlled way from the underlying Hamiltonian mechanics. We have, for instance, a derivation of the master equation (1,2~ and of a quantum transport equation (3'~ in the weak coupling limit (van Hove limit), a treatment of the laser in the singular coupling limit, (~,6~ and, for classical systems, the Boltzmann equation in the Grad limit (7~ and the Vlasov equation in the mean field limit. (~ In this work, we study another example of a dissipative system, the open BCS model, whose dynamics originates rigorously from Hamiltonian quantum mechanics in the weak coupling limit. (For a How to formulate a precise microscopic theory without the recourse to such limiting procedures is certainly a fundamental problem, which involves not only technical, but also conceptual difficulties. However, it is worth to explore the weak coupling limit situation thoroughly, for the following reason: it provides a microscopic justification for many of the features of the thermodynamics of irreversible processes (for a review see Ref. 11 ). Moreover, since there does not exist a general prescription (analogous to the Gibbs prescription in the theory of equilibrium) for computing the nonequilibrium behavior of macroscopic systems, we have to rely on the Liouville-von Neumann equation of motion as a last resort. It is therefore of interest to investigate as fully as possible models for which a link without mathematical gap can be established with the microscopic mechanics.
We consider here the strong coupling version of the BCS model as an open system coupled with an external agency. This external agency is responsible for two basic mechanisms: the creation or destruction of electron pairs and the scattering of pairs. The first mechanism, which is not gauge invariant, causes a variation of the number of pairs. As a result, the number of pairs and the order parameter obey a coupled set of equations of motion. The scattering of pairs, which is a gauge-invariant interaction, affects only the evolution of the order parameter. We have chosen to treat here the first case as being most illustrative and leading to the richest dynamical structure. Of course, many variations of the model can be worked out with analogous results.
In Section 2, we give the free dynamics of the BCS model in a closed form, which becomes exact in the infinite-volume limit. Although the dynamics of the strong coupling BCS model has been extensively studied, (12-14~ to our knowledge this explicit form has not appeared in the literature. A solution of this dynamical problem valid in a large class of nonequilibrium states is a necessary preliminary to the study of the open system. We specify in Section 3 the external system and its interaction with the BCS model: it is a quasi-free thermal bath essentially characterized by the KMS relation. After a brief review of the framework of the weak coupling limit, we establish the equations of motion of the relevant intensive observables in the infinite-volume limit. The number of pairs and the gap parameter obey a two-dimensional autonomous differential system, it is interesting to note that the simple quadratic nonlinearity of the free BCS Hamiltonian produces a highly nonlinear set of equations of motion for the open system. Section 4 is devoted to the study of the corresponding flow of intensive observables. A global analysis is made possible by the fact that the free energy is a Liapunov function of our differential system. It is shown that above the critical temperature the normal phase is a global attractor in the physical domain. At the critical temperature, there is a bifurcation, the
